We propose new classes of quadratic bent functions in polynomial forms, coefficients of which are from extension fields of F2. Bentness of these functions is based on certain linearized permutation polynomials over finite fields of even characteristic, whose permutation properties are confirmed by virtue of arithmetics in skew-polynomial rings. This is the first time skew-polynomials over finite fields are used in studying quadratic bent functions.
I. INTRODUCTION
Let F 2 n be the finite field with 2 n elements, where n is a positive integer. Any map from F 2 n to F 2 is called an n-variable Boolean function. When n is even, an n-variable Boolean function whose Walsh transform has a constant magnitude is called a bent function [9] . Bent functions have important relations with many topics in information science and mathematics such as cryptology, coding and combinatorial designs. Therefore, constructions of bent functions have attracted a lot of attention.
Among all bent functions, quadratic bent functions have been paid special attentions. They are actually quadratic forms over finite fields with special properties. An n-variable Boolean function f defined by
where "tr n 1 " is the trace function from F 2 n to F 2 , is often called a quadratic Boolean function in the polynomial form. How to construct the set of coefficients {c i } such that f is bent has been studied by many authors. See [3] , [7] , [12] , [4] , [6] , for example, for some results on this topic.
In fact, bentness of quadratic Boolean functions can be characterized by permutation properties of certain linearized polynomials over finite fields. For example, all the quadratic bent functions in polynomial forms obtained in [7] , [12] , [4] are based on certain linearized permutation polynomials over F 2 . However, there are rare constructions of quadratic bent functions which are based on linearized permutation polynomials over extension fields of F 2 (see [10] for some recent progress).
In the present paper, we propose a construction of quadratic bent functions in polynomial forms whose coefficients are from extension fields of F 2 . Bentness of these functions are based on permutation properties of certain linearized polynomials over F 2 n . To characterize such linearized permutation polynomials, we introduce a new method based on the relations between linearized polynomials and skew-polynomials over finite fields, instead of applying Dickson's classical criterion on linearized permutation polynomials.
The rest of the paper is organized as follows. In Section II, we recall some necessary backgrounds on quadratic bent functions, linearized polynomials and skew-polynomials over finite fields. In Section III, we talk about a class of linearized permutation polynomials over F 2 n , which will be of key importance in proving bentness of the quadratic Boolean functions in polynomial forms proposed in Section IV. Concluding remarks are given in Section V.
II. PRELIMINARIES

A. Quadratic bent functions
Let f be an n-variable Boolean function defined on F 2 n . The Walsh transform of f at a ∈ F 2 n is defined aŝ
If |f (a)| = 2 n/2 for any a ∈ F 2 n , f is called a bent function.
It can be seen that bent functions exist only when n is even. For more results related to bent functions, we refer to [1] .
Let f be an n-variable quadratic Boolean function. The bilinear form
Concerning bentness of quadratic Boolean functions, we have the following result. 
B. Linearized polynomials and skew-polynomials
. It is clear that L(x) can induce a linear transformation of F 2 n over F 2 , hence L(x) is often known as a linearized polynomial. Therefore, L(x) is a permutation polynomial, i.e. L(x) can induce an invertible linear transformation of F 2 n over F 2 , if and only if L(x) = 0 only has one solution 0, which leads to a well-known criterion of Dickson indicating that L(x) is a permutation polynomial if and only if the matrix
is non-singular [5] . Very recently, more relations between properties of L(x) and D L (called the associated Dickson matrix of L(x)) are found by the author and Liu [11] .
Generally, Dickson's criterion is not convenient in determining whether a given linearized polynomial is a permutation polynomial. By the connections between linearized polynomials and other algebraic objects, we can find some new approaches to study permutation properties of linearized polynomials. For example, we can use the properties of their associated skew-polynomials.
The skew-polynomial ring over F 2 n with the Frobenius automorphism σ, denoted by F 2 n [x; σ], is a special example of the non-commutative polynomial rings studied by Ore [8] .
In fact, elements of F 2 n [x; σ] are usual polynomials over F 2 n and the addition operation in it is defined as usual, but the multiplication operation is defined in a new manner: for any a, b ∈ F 2 n and i, j ≥ 0, (ax i ) × (bx j ) is defined as
is obviously a non-commutative ring. According to the results in [8] , a right division algorithm is available for skew-polynomials in it. That is to say, for any f (x), g(x) ∈ F 2 n [x; σ], there uniquely exist Q(x) and R(x) such that f (x) = Q(x) × g(x) + R(x) and R(x) = 0 or deg R < deg g (the degree of any skew-polynomial is defined to be its degree as a usual polynomial). More precisely, for f (x) = r i=0 f i x i and g(x) = s i=0 g i x i with r ≥ s, Q(x) and R(x) can be computed by the following algorithm [2] :
We also denote by Rrem(f, g) the skew-polynomial R output by Algorithm 1 under inputs f and g.
From the existence of right division algorithm in F 2 n [x; σ] follows the existence of a right Euclid scheme, which implies the existence of greatest common right divisors of skewpolynomials. For f, g ∈ F 2 n [x; σ], their greatest common right divisor, denoted by gcrd(f, g), is defined to be the skewpolynomial w of highest possible degree such that f = u × w and g = v × w for some u, v ∈ F 2 n [x; σ]. Algorithm to compute gcrd(f, g) is as follows [2] :
The following result is easy to obtain. According to Lemma 2, we can study permutation properties of linearized polynomials over F 2 n by computing greatest common right divisors of their associated skew-polynomials and (x n + 1) applying Algorithm 2, which is easier than computing determinants of their associated Dickson matrices sometimes.
III. A CLASSES OF LINEARIZED PERMUTATION
POLYNOMIALS
In this section, we propose a class of linearized permutation polynomials over F 2 n for a positive even integer n. The proof is based on Lemma 2 and Algorithm 2.
Let a ∈ F 2 n with a 2 n −1 3 = 1. For 0 ≤ i ≤ n 2 − 1, we have 3 | 2 n − 2 2i+1 − 2 since 3 | 2 n − 1 and 3 | 2 2i+1 + 1. Set
which is obviously a linearized polynomial.
Theorem 1: P (x) is a linearized permutation polynomial over F 2 n .
Proof:
Since
we need only to prove that P 1 (x) is a linearized permutation polynomial over F 2 n . We proceed by directly proving gcrd(p 1 (x), x n + 1) = 1, where p 1 (x) is the associated skewpolynomial of P 1 (x), then the result follows from Lemma 2.
To compute gcrd(p 1 (x), x n + 1), we apply Algorithm 2. Since deg p 1 = n − 1 and the coefficient of x n−1 in p 1 (x) is a − 2 n−1 +1 3 , we have
by applying Algorithm 1. Note that the coefficient of
applying Algorithm 1 again, we obtain that
This completes the proof.
Generally speaking, to prove a linearized polynomial is a permutation polynomial, the most direct method is to compute determinant of its associated Dickson matrix. For the linearized polynomial P (x), the Dickson matrix associated to it is in the form (2) , which is an alternative matrix over F 2 n . However, it seems not a simple matter to compute the determinant of D P .
IV. QUADRATIC BENT FUNCTIONS IN POLYNOMIAL
FORMS
We use the same notations and assumptions as those in Section III. Now we propose a construction of quadratic Boolean functions in polynomial forms.
Construction 1: Let n be even and a ∈ F 2 n with a 
Construct an n-variable Boolean function f a as
if n ≡ 2 (mod 4).
Then f a (x) is obviously a quadratic Boolean function.
To study bentness of the function defined in Construction 1, we need the following result. because the trace map from F 2 n to F 2 n 2 is surjective. Theorem 2: Let f a (x) be the quadratic Boolean function defined in Construction 1. Then f a (x) is a bent function.
Proof:
We proceed by directly showing rank(f a ) = n, then the result follows from Lemma 1.
Since i is odd for any i ∈ S, we have 2 n−i ≡ 2 (mod 3), therefore,
When n ≡ 0 (mod 4), we have
From the definition of the set S, it is clear that
tr n 1 a 2 n −2 2i+1 −2 3
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where P (x) is the linearized polynomial defined in Section III.
When n ≡ 2 (mod 4), there exists an element c ∈ F 2 n such that c + c 2 n 2 = a 2 n −2
by Lemma 3, so
Then we have Therefore, in either the case n ≡ 0 (mod 4) or the case n ≡ 2 (mod 4), we have rad(B fa ) = {x ∈ F 2 n | P (x) = 0}.
By Theorem 1, P (x) is a linearized permutation polynomial, thus rad(B fa ) = {0}, which implies that rank(f a ) = n. We complete the proof.
V. CONCLUDING REMARKS
In this paper, a new construction of quadratic bent functions in polynomial forms are proposed. Bentness of functions from our construction is based on certain linearized permutation polynomials with coefficients in F 2 n \F 2 , whose permutation properties are confirmed by virtue of arithmetics of skewpolynomials over F 2 n .
We finally remark that Construction 1 yields many classes of quadratic bent functions in polynomial forms, as a matter of fact. This is because the subset I can have 2 n 4 or 2 n−2 4 different choices according as n ≡ 0 mod 4 or n ≡ 2 mod 4, respectively.
